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Abstract. An observable on a quantum structure is any cr-homomorphism of 
quantum structures from the Borel cr-algebra of the real line into the quantum 
structure which is in our case a monotone tr-complete effect algebras with the 
Riesz Decomposition Property. We show that every observable is a smearing 
of a sharp observable which takes values from a Boolean cr-subalgebra of the 
effect algebra, and we prove that for every element of the effect algebra there 
is its spectral measure. 



1. Introduction 

D-posets introduced by Kopka and Chovanec |KoCh] and effect algebras intro- 
duced by Foulis and Bennet [FoBej became the last two decades very important 
quantum structures which model quantum mechanical events. Both structures are 
partial algebraic structures. Subtraction of two comparable events is a basic no- 
tion for D-posets, and addition of two mutually excluding events is a basic one for 
effect algebras. We recall that both structures are equivalent as it was mentioned 
in [FoBej . In our paper we will deal only with effect algebras. 

We note that a prototypical example of effect algebras, important mainly for 
measurements in Hilbert space quantum mechanics, is the system £{H) of all Her- 
mitian operators of a (real, complex or quaternionic) Hilbert space H that lie 
between the zero and the identity operator. The system £{H) is used for modeling 
unsharp observables via POV-measures {— positive operator valued measure) in 
measurements in quantum mechanics. 

To describe a measurement on a quantum structure, we use the notion of an 
observable. This is an analogue of a random variable in a classical measurement. 
In our case it is simply a cr-homomorphism of effect algebras from the Borel cr- 
algebra B{M.) of the real line M into the quantum structure. 
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Observables as an important tool of quantum structures are intensively studied 
by many authors. A functional calculus of observables on D-posets is presented 
in [KoCh] . The series of papers f Puli IJPVl IJPVlj is dedicated to observables 
studied on lattice effect algebras and cr-MV-algebras exhibiting spectral properties 
and smearing of fuzzy observables by sharp observables using a kind of a Markov 
kernel. In |DvKuj . it was shown that in many important structures, a partial 
information on an observable known only on intervals of the form (— oo,t), i G M, 
is sufficient to derive the whole information on the observable. 

The main tool in our research will be applications of the Loomis-Sikorski Theo- 
rem for monotone cr-complete effect algebras with the Riesz Decomposition Prop- 
erty (RDP) proved in [BCD] . This Theorem says that our structure is a a- 
homomorphic image of a monotone u-complete effect algebra of fuzzy sets where 
all algebraic operations are defined by points. This generalizes analogous results 
proved for a special case of monotone cr-complete effect algebras, called cr-complete 
MV-algebras, see |Munl IDvul] . We recall that RDP is a special type of distribu- 
tivity which in our case means the possibility of performing a joint refinement of 
two decompositions. It has an important consequence that an effect algebra with 
RDP is always an interval in a partially ordered group with strong unit order 
unit), see Rav . 

The present paper is inspired by the research in [Pul] . We have two aims. First, 
we show that every observable of a monotone cr-complete effect algebra M with RDP 
is a smearing of a sharp observable, where a sharp observable means that its values 
are in the biggest Boolean cr-subalgebra of M. Second, we show that every element 
a of M admits a spectral measure , which is a sharp observable concentrated on 
the real interval [0, 1]. In the language of spectral theory of self-adjoint operators, 
Aq is the spectral measure of the element a. Analogous questions were inspected 
also in |Pul| for cr-complete MV-algebras and unital Dedekind cr-complete ^-groups 

[Mi]. 

The paper is organized as follows. Section 2 is gathering necessary notions on 
effect algebras. Section 3 is studying a canonical representation as well as regular 
representations of monotone cr-complete effect algebras with RDP. Finally, Section 
4 presents the main results on smearing of observables by sharp ones, and spectral 
measures of elements are established. 

2. Basic Notions of Effect Algebras 

We recall that according to }FoBej . an tf]ect algebra is a partial algebra M — 
(M; -l-,0, 1) with a partially defined operation + and two constant elements and 
1 such that, for all a, 6, c G M, 

(i) a + b is defined in M if and only if 6 + a is defined, and in such a case 
a + b = b + a; 

(ii) a + b and {a + b) + c are defined if and only if & -f- c and a + {b + c) are 
defined, and in such a case {a + b) + c ^ a + {b + c); 

(iii) for any a G M , there exists a unique element a' G M such that a + a' = 1; 

(iv) if a -I- 1 is defined in M, then a = 0. 

If we define a < 6 if and only if there exists an element c G Af such that a + c = b, 
then < is a partial ordering on M, and we write c := b — a; then o' = 1 — a for any 
a G M. As a basic source of information about effect algebras we can recommend 
the monograph |DvPu| . An effect algebra is not necessarily a lattice. We recall 
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that a homomorphism is any mapping of two effect algebras which preserves 1 and 
the addition +. 

We show two kinds of important effect algebras. (1) If M is a system of fuzzy 
sets on that is M C [0, lY\ such that (i) 1 e M, (ii) / G M implies 1 - / e A/, 
and (iii) if /, g G M and f{uj) < 1 - g{uj) for any w G then f + g E M, then M 
is an effect algebra of fuzzy sets which is not necessarily a Boolean algebra as well 
as not a lattice. (2) If G is a partially ordered group written additively, u G G+, 
then r(G, u) := [0, u] = {g G G : < g < u] is an effect algebra with = 0, \ = u 
and + is the group addition of elements if it exists in r(G, u). 

We say that an effect algebra M satisfies the Riesz Decomposition Property 
(RDP for short) if for all ai, 02, 6i, 62 G M such that ai + 02 = 61 + 62, there are 
four elements cn, C12, C21, C22 such that ai — cn + C12, 02 — C21 + C22, bi — cn +C21 
and 62 = C12 + C22. 

We note that an element of an effect algebra M is said to be sharp if a A a' 
exists in M and a A a' = 0. Let Sh(M) be the set of sharp elements of M. Then (i) 
0, 1 G Sh(M), (u) if a G Sh(M), then a' G Sh(M). If M is a lattice effect algebra, 
then Sh(M) is an orthomodular lattice which is a subalgebra and a sublattice of 
M, [JeRi) . If an effect algebra M satisfies RDP, then by |Dvu2| Thm 3.2], Sh(Af) 
is even a Boolean algebra, and an element a is sharp iff a A a' is defined in M and 
a A a' = 0. 

An effect algebra M is monotone a- complete if, for any sequence ai < 02 < • • • , 
the element a — \J is defined in M (we write {a„} a). We recall that a 
mapping x : S(M) M is said to be an observable on M if (i) x{M.) = 1, (ii) if E 
and F are mutually disjoint Borel sets, then x{E U F) = x{E) + x{F), where + is 
the partial addition on M, and (iii) if {Ei} is a sequence of Borel sets such that 
Ei C Ei^i for every j and E = [J^Ei, then a;(_E) = \/,-x{Ei). In other words, an 
observable is a cr-homomorphism of effect algebras. 

An effect-tribe is any system T of fuzzy sets on ^ such that (i) 1 G T, (ii) 
if / G r, then 1 - / G T, (ui) if /, 5 G T, / < 1 - .g, then / + 5 G T, and (iv) for 
any sequence {/„} of elements of T such that /« / (pointwise), then / G T. It 
is evident that any effect-tribe is a monotone cr-complete effect algebra. We recall 
that e.g. 8{H) can be represented as an effect-tribe, but RDP fails for it. 

A very important subclass of effect algebras is the class of MV-algebras intro- 
duced by Chang [Cha| . 

We recaU that an MV-algebra is an algebra M = (M; ©,* , 0, 1) of type (2,1,0,0) 
such that, for all a,b,c E M, we have 

(i) a©6 = 6©a; 

(ii) {a ® b) ® c = a ® {b ® c); 

(iii) a © = a; 

(iv) a © 1 = 1; 

(v) ia*r = a; 

(vi) a © a* = 1; 

(vii) 0* = 1; 

(vih) (a* © 6)* © 6 = (a © b*)* © a. 

If we define a partial operation + on M in such a way that a + 6 is defined in M 
if and only if a < 6* and we set a -I- 6 := a © 6, then (M; 0, 1) is an effect algebra 
with RDP which is a distributive lattice. 
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We recall that a tribe on f2 7^ is a collection T of fuzzy sets from [0, 1]^^ such 
that (i) 1 e T, (ii) if / G T, then 1 — / G T, and (iii) if {/„} is a sequence from 
T, then minj^^j^ /„, 1} e 7". A tribe is always a cr-complete MV-algebra of fuzzy 
sets where MV-operations are defined by points. 

3. LooMis-SiKORSKi Theorem 

In this section, we study representations of cr-complete effect algebra with RDP: 
a canonical representation and regular ones. A basic tool of investigation in our 
study is an application of the Loomis-Sikorski Theorem of monotone cr-complete 
effect algebras with RDP proved in [BCD] : 

Theorem 3.1. Every monotone a-complete effect algebra with RDP is a a-epi- 
morphic image of an effect-tribe with RDP. 

For CT-complete MV-algebras, we have a Loomis-Sikorski type representation 
which was proved independently in |Mun[ IDvulj : 

Theorem 3.2. Every a-complete MV-algebra is a a-epimorphic image of a tribe. 

The proofs of these results proved in [BCDl IDvul) used the notion of states, 
analogues of probability measures. 

We recall that a state on an effect algebra M is any mapping s : M [0, 1] such 
that (i) s(l) = 1 and (ii) s(a + b) — s{a) + s{h) whenever a -I- 6 is defined in M. We 
denote by S{M) the set of all states on M . It can happen that S{M) is empty, see 
e.g. [DvPui. Ex 4.2.4]. But if M satisfies RDP, S{M) is nonempty, see [Ravj and 
|Goo[ Cor. 4.4]. In particular, every MV-algebra admits a state. We recall that 
S{M) is always a convex set. A state s is said to be extremal if s = Asi -I- (1 — A)s2 
for A G (0,1) implies s = si — S2. We denote by deS{M) the set of all extremal 
states of S{M). We say that a net of states, {sa}, on M weakly converges to a 
state s on M if Sa{a) — > s{a) for any a G M. In this topology, S{M) is a compact 
Hausdorff topological space and every state on M lies in the weak closure of the 
convex hull of the extremal states as it follows from the Krein-Mil'man theorem. 
Hence, S{AI) is empty iff so is deS{M). 

If S{M) is non-void, given an element a G M, we define a function a : S{M) — > 
[0, 1] by 

a{s) s(a), s G S{M). 

Then a is a continuous affine function on S{M). 

It is important to note that if M is an MV-algebra, deS{M) is always a compact 
set. In general, this is not true for every effect algebra. However, a delicate result of 
Choquet |Alf| page 49] says that the set of extremal states is always a Baire space, 
i.e. the Baire Category Theorem holds for deS{M). 

Let / be a real- valued function on S{M). We define 

N{f) := {s G d,S{M) : f{s) ^ 0}. (3.1) 

The proof of the Loomis-Sikorski Theorem from [BCD} Thm 4.1] used an effect- 
tribe T of fuzzy sets defined on Vt := S{M), and the effect-tribe T is the class 
of all fuzzy sets / on S{A'I) with the property that there exists b G M such that 
N{f — 6) is a meager subset of deS{M) (in the relative topology), then we write 
f ^ b. The cr-homomorphism h was then defined by h{f) := b ii f ^ b. We call this 
triple {il, T, h) the canonical representation of M. Every triple (f2, T, h) such that 
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T is an effect-tribe of fuzzy sets on Q, and h maps cr-homomorphically T onto M 
is said to be a representation of M. 

Proposition 3.3. Let (51, 7~, h) he the canonical representation of a monotone a- 
complete effect algebra M with RDP. 

(ii) If a < b, a,b (z M, there are f,g £ T such that f < g and h{f) = a, 
hig) = b. 

(ii) If f,g £ T , f < g^ and let c be an element of M such that h{f) < c< h{g). 
Then there exists a function s Cz T such that f < s < g and h{s) — c. 

Proof, (i) Let f ^ a and 5 ^ 6 for some f,g £ T- We have max{/, g} ^ a V b — b, 
which entails max{/, G T and max{/, 17} ^ 6. In a similar way, min{/, g} S T 
and min{/, g} ~ a. 

(ii) Since h is surjective, there is a function si G 7" such that h(si) = c. If we set 
s = max{/, min{(7, si}}, by (1), s €T and s is the function in question. □ 

Let T be an effect-tribe on n and let Bq{M) -.^ {A C n : xa e Sh(T)}. By 
[DvuSj Prop 4.2], Bq{T) is a cr-algebra of subsets of fi. Let So{T) ■= {A C Q : XA E 
T}. If r satisfies RDP, then BoiT) = So{T), [P^ p. 72]. By jPvuSi Ex. 4.3], 
there is an effect-tribe T with RDP such that not every / € T is i3o(T)-measurable. 
However, if T is a tribe, then every / e T is So(T)-measurable, [BuKl] . On the 
other hand, by [Dvu3[ Prop 4.7] if an effect-tribe T satisfies RDP, then T', the 
system of all functions / G T such that / is So(T)-measurable, is an effect-tribe 
andeo(r) =So(r'). 

Theorem 3.4. The canonical representation of a monotone a-complete effect al- 
gebra M with RDP has the property h{f) — if and only if XN(f) G T '^i^d 
h{xN{f)) = 0- addition, h maps Bo{T) onto Sh(M). 

Proof. Let (fl,T,h) be the canonical representation of Af used from [BCD| Thm 
4.1]. We have that T consists of all functions / S [0, 1]^ such that f ^ b for some 
b € M; where we have = S{M) and = deS{E). Assume that for f G T, 
we have h{f) — 0. This means that / ~ 0, that is, N{f) is a meager set. Hence, 
{uj E flo : XNUli^) 7^ 0} = {cj e flo : /(w) ^ 0} is meager. Whence, XN{f) S T 
and XN(f) ~ and h{xN(f)) = 0. 

Conversely, let for some f €T, XN{f) G T, and h{xN{f)) = 0- That is, XN{f) ^ 0; 
and N{f ) is meager which entails / ^ 0. 

Let f = XA ^ and let g E M he such that g < h{f) and g < h{f'). 

Assume that gi E T he such that h{gi) — g. By (2) of Proposition l3.3l the functions 
g2 ■■= min{/,gi} and ^3 := min{/',gi} belong to T, and ^,(52) = 5 = Hds)- Again 
by (2) of Proposition 13. 3[ the function g^ = mhi{g2, gs} € T and ^1(54) = g. But 
54 < / and 34 < 1 — / so that 54 = and h{g4) = g = 0, and h{f) G Sh(M). 

Now let b G Sh(Af). Then s{b) £ {0, 1} for any extremal state s on AI. Define 
a function fi, on f2 by /b(s) = s(b) if s is an extremal state, otherwise, fb{s) :— 0. 
Then fb ^b,fb£ Bo{T), and /i(/fc) = 0. □ 

The last result can be generalized as follows. 

Let rio be a subset of a set f2 7^ 0. We recall that a a-ideal on JIq is a non-empty 
system I of subsets of fio such that (i) if A C _B e I, then A G X, and (ii) if An £ I, 
n> 1, then IJ,^ An £ I- For example, let M he an effect algebra and let 17 = S{M) 
and fio = deS{M). The set of all meagre subsets of fio is a cr-ideal. 
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Let / be a real- valued function on fi. We define 

Nn„{f) := {c^ e 1^0 : /M ^ 0}. 

Let (il, T, h) be a representation of a monotone cr-complete effect algebra M. 
We say that {n, T, h) is regular if h(f) = iff XNooif) ^ T and KxNnoif)) 0- 

Theorem 3.5. Let (il, 7", h) he a representation of a monotone a-complete effect 
algebra AI with RDP and let T have RDP. Let I^o ^6 ideal of subsets of a fixed 
subset Qq of n such that f G [0,1]^ belongs to T if and only if there exists a function 
g € T such that N^^^f — G 2r2o- Then {Q,T,h) is regular and h(f) — h(g) if 
and only if Nn{f — g) G In- 

In addition, (1) suppose every f ^ T is BoiT) -measurable, and if h{f) < h{g), 
then h{xA) — 0, where 

A:={ujeVL: f{uj) > g{uj)}. 

Then h{Bo{T)) C Sh(Af). 

(2) /// A (1 - /) e r for every feT, then h{Bo{r)) = Sli(M). 

Proof. Let h{f) = 0. Since /i(0) = and G T, we have NnM) = NnM " 0) S 
Xfio- Therefore, A^Oo (XAfsj^ (/) - 0) = ^Oo(XAfno(/)) = ^^oif) G Tn^, which entails 

Conversely, let for / G [0,1]^ we have XNnoif) ^ and h{xNi-io{f)) — 0- Then 
Nn„{f) = Nn^ixNnoif)) e which implies / G T. Set fo = max{f,XNno{f)}- 
Then fo = XjVn„(/) and A^no(/o - /) ^ ^Jio(/) which yields A^no(/o - /) £ Ino- 
Hence, fa — f and = /i(/o — f) — h{fo) — h{f) = — from which we get 
h[f) = 0, and (fi, T, /i) is a regular representation. 

Now let f,g & T are such that N^gif — g) G I^q. We assert h{f) — h{g). 
Indeed, define go = niax{/, g}. Then Nngigo — /) ^ ^noif — d) and whence, 
Nn„igo - /) G loo; which yields go e T, ft(go - /) = and /i(5o) = Similarly 
^Oo(5o - 5) e -^Oo and h{go) = h{g). Therefore, h{f) = h{go) = h{g). 

For the rest of the proof assume that every / G T is /Bo(T)-measurable and 
condition (1) of our hypotheses holds. 

Claim L If a < b, a,b G M, there are f^g such that f < g and h{f) ~ a. 
Kg) = b. 

Let h{f) — a, h{g) — b. li A ~ {oj ^ ft : f{u!) > by the assumption, 

A G Bo{T) and h{xA) = 0. By |Dvu3[ Lem 4.1], for any A G Bo{T) and any / G T, 
fXA = min{/, x^} G T, where fxA means the product of two functions. 

Define fo = max{/, g}. If cj G A, /o(cj) = /(w) and if G A"^, then /o(w) — 
giio). Therefore, NnMoXA ~ fXA) = {u ^ AC^^o ■ /(^) > /(c^)} = e Xo 
and NnaihXA- - gXA-) = {w G A n fio : > g{uj)} = G Iho- Hence, 

fXAJXA- e T, h{foXA) = h{fxA), KfoXA") = KgxA-) and consequently, /o = 
/oXA + /oXA- e T, and /o = /xA + 9XA-- 

Calculate: h{fo) = h{fxA) + KgxA^^)- But /i(/xa) - Kf A xa) < Hxa) = 0, 
and higxA-) = h{g) - h{gxA) = Kg) which gets h{fo) = h{g). 

In the same way we can show that go = min{/, g} G T, h{goXA) = K9Xa), 
H90XA-) = h{fxA-), and h{go) = h{f). 

Claim 2. If f,g ^T, f < g, and let c be an element of AI such that h{f) < c < 
h{g). Then there exists a function s d T such that f < s < g and h{s) — c. 
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Since h is onto, there is a function si G 7" such that h{si) = c. If we set 
s = max{/, niin{(7, si}}, by Claim 1, s G 7" and s is the function in question. 

Now we assume / G Bo{T), and let 6 G M be such that b < h{f), 1 — h{f). 

Choose a function gi G T such that h{gi) ~ b. By Claim 2, the functions 
52 := min{/,gi} G T and .gg := min{/',5i} G T, and h{g2) = = ^(ffa)- Again 
applying Claim 2, the function — min{g2,53} G 7" and h{g4) — g. But 54 < / 
and 34 < 1 — / so that 34 = and ft.((74) =3 = 0, and h{f) G Sh(M). 

Finally assume (2), and let b G Sh(Af) and choose g ^ T such that = &. 
Let / G T be any function f < g,l — g, then < &, 6' giving h{f) = 0. Since 
h is regular, XWfiJ/) e Bo{T) and HxNnoU)) = 0- Since go niin{5, 1 - g} G T 
and go < g,l - g, we have h{xNn„{go)) = 0' ^nd NQ„{go) G Xo„. Set G = G 
^1 : g{uj) = 1}. Then Nn,X9 " Xg) = {w G 17o : 7^ Xg(w)} = {cj G l^o : g ^ 
0} n {oj G fio : g(a;) ^ 1} = NQ^^^g^-) G Xoo- This proves that h maps Bo{T) onto 
Sh(Af). □ 

We recall that in the latter theorem, the conditions are satisfied e.g. if M is a 
(T-complete MV-algebra and T is a tribe. 



This section is the main body of the paper. It presents results concerning smear- 
ing of observables by a sharp observable and a spectral measure of a given element. 

The notion of an observable can be literally extended to any a-homomorphism 
of effect algebras f : 5 — >■ M, where 5 is a tr-algebra of subsets of a set ft. An 
observable is sharp if ^(5) C Sh(Af). 

We recall that a state s on a monotone cr-complete effect algebra M is cj-additive 
if {an} a implies s{a) = lim„ s{a„). Let Sa-{M) denote the system of cr-additive 
states on M. We recall that there is even a Boolean a-algebra which has lot of 
states but no cr-additive state, [Sikj . 

Theorem 4.1. Let M be a monotone a-complete effect algebra with RDP having at 
least one a-additive state and let {Q, T, h) be the canonical representation of M such 
that every f E T is Bo{T) -measurable. There is a sharp observable ^ from Bo(7~) 
into M such that given Given an observable x on M, m G Sa{M) and E G B(R) 



where fE is an arbitrary function from T such that h{fE) — x{E). 

Proof. Let m be a cr-additive state on M, then m o h is a cr-additive state on T. 
By the generalized theorem of Klement and Butnariu holding for effect-tribes with 
condition that every / G T is Bo(T)-measurable, |Dvu21 Thm 4.4], for every cr- 
additive state s on 7", there is a unique probability measure, Pj, on So(7~) such 
that 



Let X : Bo(K) — > M be an observable. Given E G Bo(M), there is an element 
fs such that = x{E). Using (4.3), given m G Sa{M), there is a unique 



4. Smearing of Observables and Spectral Measures 




(4.1) 




(4.2) 
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probability measure Pm on Bo{T) such that 

m{x{E)) = m{h{fE)) = / /b(c^) dPM- 



We assert the latter integral does not depend on the choice of Je- Indeed, \i gs is 
another function from T such that h{gE) = x{E), by (2) of Proposition 13.31 the 
function He '■= maxj/^;, belongs to T and h{hE) — x{E). But hs — /b G 7" 
and h{hE — fs) = so that 



- m{h{hE - Je)) = / {hEH ~ fE{uj)) dP^iio). 
Jn 

In the similar way, we have 

Q = m{h{hE - Qe)) ^ I (/i_b(w) - 5£;(w)) dPm(a;), 
Jo. 

whence 

/ f E{io) dPni{uj) ^ I QEiuj) dPra{io). 

Jn Jn 
We assert that Pm ~ mo h. Indeed, let / = XA, A E T- Then by (4.2), 



The mapping ^ : Bo{T) — > M defined by ^(A) :— h{xA), A G Bo{T), is a sharp 
observable on Af. □ 

Commenting Theorem 14.11 we say that the observable x on M is a smearing of 
a sharp observable ^. This result extends an analogous result for cr-lattice effect 
algebras, see |JPV1[ Thm 3.4]. 

Remark 4.2. Let (fl,T,h) be a regular representation of a monotone a-complete 
effect algebra with RDP such that all conditions of Theorem \3.5\ are satisfied. Then 
Theorem 14.11 holds also for our case of (il, T, h). 

Proof. It follows the same steps as the proof of Theorem 14.11 □ 

Theorem 4.3. Let M be a monotone a-complete effect algebra with RDP and let 
{fl,T,h) be the canonical representation of M such that every f € T is Bq{T)- 
measurable. Given a G M , there is a mapping : So([0, 1]) — > Sh(M) such that 
the mapping a H> is injective, and for every a-additive state m on M , we have 

m{a) = / A dm(Aa(A)). (4.3) 
Jq 

Proof. Let (51, T, h) be the canonical representation of M. Given a G M, choose a 
function f — fa E T such that h{f) = a. For any Borel set E G Bq{[0, 1]), let 

Aa{E) Hxf-.^E))- (4-4) 
Then A^ is by Theorem l3.4l an observable on Sh(M). 

Assume that g G 7" is another function such that h(g) = a. As in the proof 
of Theorem 14.11 "we can find a function k E T such that h{k) = a and f,g < k. 
Then N{k — g) and N{k — f) are meager sets, k — f,k — g G T, and Xf-^(E) — 
Xk-HE) G T, Xg-HE) - Xk-HE) G T for any E = [0,t), < t < 1. In addition, 
X/-i(B) ~ Xfe-i(s) ~ 0, Xg-HE) - Xk-^E) ^ for any E = [0,t), < t < 1. 
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Therefore, ft-(x/-i(_E)) ~ ^(Xfe-i(_E)) for every E — [0,t). Let K, be the set of Borel 
subsets E from [0, 1] such that h{xf-i[E)) — h{xk-^(E))- It is a Dynkin system, i.e. 
a system of subsets containing its universe which is closed under the set theoretical 
complements and countable unions of of disjoint subsets. 

The system JC contains all intervals (— oo, t) n [0, 1] for f e R, all intervals of 
the form [a, h) n [0, 1], a < b, as well as all finite unions of such disjoint intervals 
\J^^i[ai,bi) n [0,1]. Because any finite union of intervals [j™^i[cj,dj) fl [0,1] can 
be expressed as a finite union of disjoint intervals, K, contains also such unions. 
Therefore, if E and F are two finite unions of intervals, so is its intersection. Hence, 
by |Dvu[ Thm 2.1.10], K. is also a cr-algebra, and finally we have /C — ;Bo([0, 1]). In 
the same way, h(xg-\E)) = KXk-^E)) and, consequently, h{xf-^E)) = HXg-^{E)) 
for every E e Bo{[0,l])- 

Consequently, we have proved that Aa in (4.4) does not depend on the choice of 

/. 

Now assume that Aa — Ab for some a,b G M and let h(f) = a and h{g) — b for 
some f,g G T. Then for every E e Bo{[0,l]), h{xf-^{E)) = HXg-HE))- 

Nif-g) = {seS9iM):fis)^gis)}=\J{seSaiM):fis)<r<g{s)} 

reQ 

= \J{r\[0,r))ng-\[r,l]))=\Jf-H[0,r))Ag-\[0,r)), 

reQ reQ 

where A denotes the symmetric difference of two sets. Since /i(x/-i([o.r))) — 
HXg-ma,r))) for every rational r e [0,1], N{xf-i{[o,r)) ~ Xg-^[o,r))) is a meager 
set. But N{xf-Hlo,r))-Xg-Klo,r))) - f-H[0,r))Ag-^[0,r)), so that N{f - g) is 
a meager set, and hence a = h{f) = h{g) = b. 

Now let m be an arbitrary a-additive state on M. It is clear that the mapping 
m o /i is a CT-additive state on T, and mh : Bo{T) [0, 1], defined by mh{A) ~ 
m{h{xA)), A G Bo{T), is a probability measure on Bq{T)- Given an element a £ A/, 
there is an element fa G T such that h{fa) — a. Whence, the mapping E i— >■ 
m(/i(xj-i(^)), E £ i3o([0,l]), is a probability measure on i3o([0, 1]). By [Dvu3[ 
Thm 4.4], there is a unique probability measure Pm on Bo{T) such that 

mm)) = / fiio) dPM, feT. 
Jn 

On the other hand, if A G Ba{T), then 

m{h{xA)) = / Xa{uj) dPm{i^) = / Xa(i^) dmh{uj). 

Since every / G T is Bo (T)-measurable, we have by |Dvu3[ Thm 4.4], that Pm.(A) = 
mii{A) for every A G Bo{T)- 
This yields for f — fa 

miHfa)) = /a(w) dnihiuj) ^ J A dm{h{Xf-i(^x))) ^ J dm{AaiX)), 

and 

m(a) = / A dTO(Aa(A)) 
Jo 
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which proves (4.3). □ 

Theoreni l4.3l generalizes an analogous result from [Pul| . and the mapping a 
is said to be the spectral measure of the element a. 



Remark 4.4. Let the conditions of r/teorem 14.31 be satisfied. 
(1) // a e Sh(A/), then for Aq defined by (4.4), we have 

a if OiE, leE, 

1 if 0, 1 e i;, 

(2) Let (j) ■ [0, 1] — !■ [0, 1] be a strictly increasing and surjective Borel-measurable 
function such that 0(0) = and = 1. // we define 0(Aa) : Bq{[0, 1]) — > Sh(M), 
a e Af, by (f>{Aa){E) Aa{<l)^'^{E)), E e Bo([0,l]), then the mapping a H> <p{Aa) 
is injective, but (f>{Aa) is not necessarily a spectral measure because not always 

m{a) = / 0(A)dm(A,(A)). 
Jo 

Proof (1) Let a G Sh(M). By Theoreni|33 there is A e Bo{T) such that h{xA) = 
a. By (4.4), we have Aa{E) = Kx^-^e))^ ^ ^ i3o([0, !])• If = {!}, then 
Aa({l} ~ h(xA) — a. Similarly for other Borel sets E. 

(2) Let ae M and let h{f) = a. Using (4.4), we have ^{Aa)iE) = Aa{(j)~'^ {E)) = 
h{xf-^{<j,-^{E))) = h{x(4,of)-^(E))- Assume now 0(Aq) = (l){Ab) for some b and let 
h{g) = b. Then ft.(x(0o/)-i(_B)) = ^(X(0og)-i(_E)), e Bo([0,l]). Similarly as in the 
proof of Theorem 14.31 we have that the set 



N{f-g) = {s^Sa{M):f{s)^g{s)) 

= \J{s(.Sa{M):f{s)<r<g{s)} 

- U U-\r\[^, Hr)))) n g-H^-HW), 1]))) 

= U /~'(r'([O,0(r))))A5-^(r'([O,0(r)))). 

Hence, we have /i(x/-i(0-i([o,0(r))))) = HXg-\<i>-^{loMr))))) ^^d A^(x/-i(0-i([o,,^(r))))- 
Xff-M<^'-M[o,0(r))))) is a meager set. But 

^(x/"i(0-i([o,0(r))))-Xs-i(0-i([o,0(r))))) = /"^('?!>"^([O,0(r))))A5^^((/i~^([O,0(r)))), 

so that A^(/ — g) is a meager set, and hence a = h{f) = h{g) = b. 

On the other hand, for any cr-additive state m on M, we have A dm{(j){Aa{\))) = 
(j){X) dm(Aa(A)) which is not necessarily equal m{a). □ 

We note that we do not know whether the spectral measure is unique. 

Theorem 4.5. Let M be a monotone a-complete effect algebra with RDP and let 
(fl,T,h) be the canonical representation of M such that every f d T is Bo(T')- 
measurable. Then every a-additive state m on the Boolean a-algebra Sh(M) can be 
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uniquely extended to a a-additive state rh on M. In addition, 

rh{a)= I Adm(Aa(A)), a G M. (4.5) 







Proof. Existence. Let m be a tr-additive state on Sh(Af). Then the mapping 
mh{A) m{h{xA)), A G Bo{T), is due to Theorem 13.41 a cr-additive measure 
on Bo{T). Then the mapping s„i : T — >■ [0, 1] defined by 

5m(/) / /(^) druhiio), feT, 
Jn 

is a cr-additive state on T. Now we define a function rh : M ^ [0, 1] via to (a) = 
Smif) whenever h{f) = a. We claim that rh is defined correctly. Indeed, if h{g) = a, 
by (2) of Proposition [3l3l there is a function k E T such that h{k) = a and /, g < k. 
Therefore, N{k — /) and N{k — g) are meager sets, and k ~ f, k — g E T. Then 

Sm(k-f )= / {k{ijj) - f {bj)) dmh{Lo) = Q = I {k{uj) - g{uj)) dmh{uj), 
Jn Jn 

which entails f (uj) dmh{uj) — J^g{uj) dmh{id). 

Assume a + 6 is defined in M, again by by (2) of Proposition l3.31 we can assume 
that we have two functions f,g E T such that f < 1 — g, and h(f) = a, h(g) = b. 
Then h{f + g) = a + b and 



m{a + b):= / {f{u) + g{uj)) drnii{uj) ^ rh{a) + rh{b). 
Jn 

It is clear that to is a state on M. To show that to is tr-additive, assume {a„} a 
in M. Using by (2) of Proposition 13.31 and mathematical induction, we can assume 
that we have find a monotone sequence, {/«}, of elements of T such that h(fn) — a„ 
and h{a) = /i(V„ /«) = Vn = Therefore, 

iTi{a) ^ / f (oj) druhiuj) ^ lira /„(a;) dTO,i(a;) = lim m(a„), 
Jn " Jn 

which proves to is a cr-additive state on AI. Let now a G Sh(Af). By Theorem 13.41 

there is ^ G )3o{T) such that h(xA) = a- Then 



TO(a) = / XAdmh{uj) = mh{A) = m{h{xA))=m{a), 
Jn 

which says that rh is an extension of to onto M. 

Uniqueness. Let mi and TO2 be two cr-additive extensions of to onto the whole 
M. Define Sj(/) :— mi{h{f j), / G 7", i = 1,2. Then Si is a cr-additive state on 
T such that si{xa) — m{h{xA)) = S2{xa)- By |Dvu3[ Thm 4.4], there are two 
probability measures Pi and P2 on Ba{T) such that 



s^{f)= / /HdP.H, /gT. 

Jn 

Then si{xa) = Pi{A) = m(h(xA)) = P2{A) - S2(xa)- Therefore, si{f) = S2U) 
and if given a G = a for some / G T, TOi(a) = TO2(a). 

Finally, let a G M be given. Choose / G T such that = a. Then using the 
Integral Transformation Theorem (Hal], we have 

m{a) = I /HdTO^H- / AdTO^(/-i(A)) = / Adm(A„(A)), 
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when we have used (4.3). □ 

We recall that Theorem 14.51 cannot be, in general, extended for any (finitely 
additive) state on Sh(Af) of a monotone cr-complete effect algebra M with RDP 
because this is possible iff M is an MV-algebra as it was proved in |Dvu3[ Thm 
5.1]. 
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